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MULTIPLICATIVE STRUCTURES FOR KOSZUL ALGEBRAS
RAGNAR-OLAF BUCHWEITZ, EDWARD L. GREEN†, NICOLE SNASHALL,
AND ØYVIND SOLBERG‡
Abstract. Let Λ = kQ/I be a Koszul algebra over a field k, where Q is a finite
quiver. An algorithmic method for finding a minimal projective resolution
F of the graded simple modules over Λ is given in [9]. This resolution is
shown to have a “comultiplicative” structure in [7], and this is used to find a
minimal projective resolution P of Λ over the enveloping algebra Λe. Using
these results we show that the multiplication in the Hochschild cohomology
ring of Λ relative to the resolution P is given as a cup product and also provide
a description of this product. This comultiplicative structure also yields the
structure constants of the Koszul dual of Λ with respect to a canonical basis
over k associated to the resolution F. The natural map from the Hochschild
cohomology to the Koszul dual of Λ is shown to be surjective onto the graded
centre of the Koszul dual.
Introduction
The aim of this paper is to show that the knowledge of a minimal projective
resolution of the graded simple modules for a Koszul algebra over a field k not
only provides a k-basis for the Koszul dual with structure constants, but also gives
a closed formula for the multiplication in the Hochschild cohomology ring. In
a forthcoming paper [9] an algorithm will be presented for computing a minimal
projective resolution of linear modules for a Koszul algebra, and thus making Koszul
algebras more computationally accessible.
A prime example of a Koszul algebra is a polynomial ring in a finite number
of commuting variables. Its Koszul dual is the exterior algebra, which is a finite
dimensional selfinjective algebra. Using techniques from representation theory of
finite dimensional algebras and Koszul duality, Mart´inez-Villa and Zacharia have
obtained new results on the structure of locally free sheaves on projective space
[13]. Polynomial rings are Artin-Schelter regular Koszul algebras and their Koszul
duals are finite dimensional selfinjective algebras. More generally, this connection
between representation theory of finite dimensional algebras and Artin-Schelter
regular Koszul algebras allows one to apply the theory of support varieties for finite
dimensional selfinjective algebras defined via the Hochschild cohomology ring (see
[4, 16]). To apply the theory of support varieties some finiteness conditions must
be satisfied. These conditions are related to the natural map from the Hochschild
cohomology ring to the Koszul dual. The image of this map is characterized in
Section 4 of this paper.
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We now introduce notation we use throughout the paper and describe the results
of the paper in more detail. Let Q be a finite quiver and k a field. We denote the
ideal generated by the arrows in Q in the path algebra kQ by J . Let Λ = kQ/I
be a Koszul algebra, where I is an ideal contained in J2. Set r = J/I. In [10] a
method for constructing a minimal projective resolution of Λ/r as a right Λ-module
was presented. If R = kQ, then this minimal right resolution of the degree zero
part Λ0 of Λ can be given in terms of a filtration of right ideals
· · · ⊆ ∐tni=0f
n
i R ⊆ ∐
tn−1
i=0 f
n−1
i R ⊆ · · · ⊆ ∐
t1
i=0f
1
i R ⊆ ∐
t0
i=0f
0
i R = R
in R. In [7] it is shown that there is a comultiplicative structure associated to the
{fni }; in particular there exist cpq(n, i, r) in k such that
(1) fni =
tr∑
p=0
tn−r∑
q=0
cpq(n, i, r)f
r
pf
n−r
q
for all n ≥ 1, all i in {0, 1, . . . , tn} and all r in {0, 1, . . . , n}.
The paper begins with recalling a reduced bar resolution introduced in [2]. As
in the standard setup [5], there is an associated cup product, which we show is
the same as the Yoneda product in the Hochschild cohomology ring. This reduced
bar resolution together with the comultiplicative structure is shown to provide a
description of the multiplication in the Hochschild cohomology ring HH∗(Λ) of Λ
in Section 2. Recall that the enveloping algebra Λe of Λ is given by Λop ⊗k Λ.
In our description of the multiplicative structure of HH∗(Λ), we use the minimal
projective resolution of Λ as a right Λe-module presented in [7].
Recall that an element x in kQ is called uniform if x is non-zero and there
exist vertices u and v in Q such that x = uxv. If x is a uniform element with
x = uxv with u and v vertices, then we write o(x) = u and t(x) = v. It was
shown in [10] that the {fni } can be chosen to be uniform elements. The projective
modules occurring in a minimal projective resolution of Λ over Λe are given by
Pn = ∐tni=0Λo(f
n
i ) ⊗k t(f
n
i )Λ for n ≥ 0 (see [11]). In Section 2 the multiplicative
structure of the Hochschild cohomology ring of a Koszul algebra Λ is shown to have
the following description.
Theorem. Suppose that η : Pn → Λ and θ : Pm → Λ represent elements in HH∗(Λ)
and are given by η(o(fni )⊗t(f
n
i )) = λi for i = 0, 1, . . . , tn and θ(o(f
m
i )⊗t(f
m
i )) = λ
′
i
for i = 0, 1, . . . , tm. Then
η ∗ θ(o(fn+mi )⊗ t(f
n+m
i )) =
tn∑
p=0
tm∑
q=0
cpq(n+m, i, n)λpλ
′
q
for i = 0, 1, . . . , tm+n, where η ∗ θ represents the product of η and θ in HH
∗(Λ).
The multiplicative structure of the Hochschild cohomology ring is not known for
most algebras, including Koszul algebras. One class of Koszul algebras for which
the product is known is radical square zero algebras Λ = kQ/J2 with Q not an
oriented cycle; then all products of elements in HH≥1(Λ) are zero by [3]. Another
class of Koszul algebras where the ring structure has been determined can be found
in [1], where, for algebras in this class, HH∗(Λ) is a finitely generated algebra.
Since Λ is a Koszul algebra, its Koszul dual, E(Λ) = Ext∗Λ(Λ/r,Λ/r), is also a
Koszul algebra. In Section 3 we show that the comultiplicative structure of the sets
{fni } can be used to construct the structure constants of the Koszul dual of Λ for a
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basis associated to the sets {fni }. In particular, given the sets {f
n
i }, we construct
a basis {f̂ni } of E(Λ) so that the product is given by
f̂mi f̂
n
j =
tm+n∑
l=0
cji(m+ n, l, n)f̂
m+n
l .
See Theorem 3.1 for details.
There is a natural map ϕΛ/r : HH
∗(Λ)→ E(Λ) whose image is contained in the
graded centre of E(Λ). Recall that the graded centre Zgr(E(Λ)) is the subring of
E(Λ) generated by all homogeneous elements z such that zy = (−1)|z||y|yz for each
homogeneous element y in E(Λ), where |x| denotes the degree of a homogeneous
element x. In Section 4 we apply the results of the previous sections to show that
ϕΛ/r has image Zgr(E(Λ)).
The paper ends with a number of examples illustrating our results.
Throughout, we consider right modules unless otherwise explicitly stated.
1. A reduced bar resolution
For this section we fix the following notation and assumptions. Let Λ be an
algebra over a field k, and let a be an ideal in Λ. Set Λ0 = Λ/a and assume that
the natural algebra homomorphism Λ → Λ0 is a split k-algebra homomorphism.
Finally, assume that Λ0 is a finite product of copies of k. For example, if Λ = kQ/I
with I contained in J2 and a = J/I, then Λ satisfies these conditions.
In this section we recall a reduced bar resolution (B, d) of Λ introduced in [2].
If Λ0 =
∏m
i=1 k, then we let {e1, . . . , em} be a complete set of primitive orthogonal
central idempotents of Λ0. Define (B, d) by B
n = Λ⊗Λ0(n+2), the (n+2)-fold tensor
product of Λ over Λ0, and d
n : Bn → Bn−1 by
dn(λ0 ⊗ · · · ⊗ λn+1) =
n∑
i=0
(−1)i(λ0 ⊗ · · · ⊗ λiλi+1 ⊗ · · · ⊗ λn+1).
It is shown in [2, Lemma 1.1] that (B, d) is a projective Λe-resolution of Λ. When
Λ0 = k, this is the usual bar resolution. Note that if Λ0 =
∏m
i=1 k for m > 1, then
Λ0 is not central in general, so that Λ is not necessarily an algebra over Λ0.
For the bar resolution (B, d) there is a chain map ∆: B→ B⊗Λ B given by
∆(λ0 ⊗ · · · ⊗ λn+1) =
n∑
i=0
(λ0 ⊗ · · · ⊗ λi ⊗ 1)⊗ (1 ⊗ λi+1 ⊗ · · · ⊗ λn+1)
(for example see [15, 1.2]). If η and θ in HHn(Λ) and HHm(Λ), respectively, are
represented by η : Bn → Λ and θ : Bm → Λ, then the cup product η∪θ in HHn+m(Λ)
is given by the following composition of maps
B
∆
−→ B⊗Λ B
η⊗θ
−−→ Λ⊗Λ Λ
ν
−→ Λ,
where ν : Λ⊗Λ Λ→ Λ is the multiplication map. We see that the cup product is
η ∪ θ((λ0 ⊗ · · · ⊗ λn+m+1)) = η(λ0 ⊗ · · · ⊗ λn ⊗ 1)θ(1 ⊗ λn+1 ⊗ · · · ⊗ λn+m+1).
In [17] it is shown that any projective Λe-resolution X of Λ gives rise to a “cup
product”, which coincides with the ordinary cup product. Let X be a projective
Λe-resolution of Λ. There exists a chain map D : X → X ⊗Λ X lifting the identity,
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which is unique up to homotopy. Siegel and Witherspoon define a cup product of
two elements η in HHn(Λ) and θ in HHm(Λ) as above using the composition
X
D
−→ X⊗Λ X
η⊗θ
−−→ Λ⊗Λ Λ
ν
−→ Λ,
and note that it is independent of the projective resolution X of Λ and the chain
map D. In Section 2 we give an explicit formula for D for the minimal projective
Λe-resolution of Λ constructed here.
In [5] it is shown that the cup product and the Yoneda product coincide. We
give a proof of this below. Let η ∗ θ denote the Yoneda product of η and θ viewing
HH∗(Λ) as Ext∗Λe(Λ,Λ).
Proposition 1.1. Let η and θ be in HHn(Λ) and HHm(Λ), respectively, and sup-
pose that they are represented by η : Bn → Λ and θ : Bm → Λ. Then
η ∗ θ = η ∪ θ.
In particular, the cup product and the Yoneda product on HH∗(Λ) coincide.
Proof. Let η and θ be in HHn(Λ) and HHm(Λ) respectively. Then η and θ can be
represented as Λe-maps η : Bn → Λ and θ : Bm → Λ. The Yoneda product η ∗ θ
is given via constructing a lifting of θ to a chain map θ˜ = {θi}i : B → B[n], where
B[n] denotes the degree n shift of the complex B. Define θ˜ to be the composition
B
∆
−→ B⊗Λ B
B⊗θ
−−−→ B⊗Λ Λ[n]
ν
−→ B[n]
It is clear from the definition of θ˜ that it is a morphism of complexes. Furthermore,
direct computations shows that θ˜ is a lifting of θ to a chain map. Immediately from
the definition of θ˜ we infer that
η ∗ θ = ηθ˜ = ην(B ⊗ θ)∆
= ν(η ⊗ Λ[n])(B⊗ θ)∆ = ν(η ⊗ θ)∆
= η ∪ θ.

2. The multiplicative structure of the Hochschild cohomology ring
In this section the multiplicative structure of the Hochschild cohomology ring of
a Koszul algebra, Λ = kQ/I, is found using the comultiplicative structure of a min-
imal projective resolution of Λ0 as a right Λ-module as given in equation (1) in the
introduction. More precisely, given two homogeneous elements in the Hochschild
cohomology ring, we give a closed formula for their product as a map from the
appropriate projective module in a projective resolution of Λ over Λe to Λ. Note
that this map may be non-zero, but represent zero in Hochschild cohomology, since
the residue class of the map in Hochschild cohomology still needs to be computed
(see Example 5.1). The crucial ingredient in the proof is the minimal projective
resolution of Λ as a right Λe-module constructed in [7] and the inclusion of this
resolution into the reduced bar resolution.
We begin by recalling definitions, notation, and results that we need in this
section. In this section Λ = kQ/I denotes a Koszul algebra over some field k,
where Q is a finite quiver and I ⊆ J2. Here J denotes the ideal in kQ generated
by the arrows, and let Λ0 = Λ/(J/I). If M is a kQ-module and m is in M , then m
denotes the natural residue class of m in M/MI.
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In [7], it was shown that a minimal projective resolution (P, δ) of Λ as a right
Λe-module can be constructed from knowledge of a minimal projective resolution
of Λ0 over Λ as a right Λ-module. Since we need the results from [7], we summarize
them below.
A minimal projective resolution (F, d) of Λ0 as a right Λ-module can be con-
structed from a sequence of right ideals in R = kQ as follows: There exists a choice
of integers tn in Z and of uniform elements {f
n
i }
tn
i=0 in R, for all n ≥ 0, with
· · · ⊆ ∐tni=0f
n
i R ⊆ ∐
tn−1
i=0 f
n−1
i R ⊆ · · · ⊆ ∐
t1
i=0f
1
i R ⊆ ∐
t0
i=0f
0
i R = R
such that Fn = ∐ni=0f
n
i R/ ∐
n
i=0 f
n
i I for all n ≥ 0 and d
n : Fn → Fn−1 is induced
by the inclusion ∐ni=0f
n
i R →֒ ∐
n−1
i=0 f
n−1
i R (see [10]). We choose {f
0
i }
t0
i=0 to be the
set of the vertices in Q and {f1i }
t1
i=0 to be the set of the arrows in Q. Moreover
{f2i }
t2
i=0 is a minimal set of homogeneous generators of degree two for I.
When we have a minimal projective resolution (F, d) of Λ0 as a right Λ-module
obtained from a set {fni }, we simply say that the set {f
n
i } defines a minimal
projective resolution.
It is shown in [7] that a minimal projective resolution (P, δ) of Λ over Λe is
given by Pn = ∐tni=0Λo(f
n
i ) ⊗k t(f
n
i )Λ for n ≥ 0, where the differential δ
n : Pn →
Pn−1 is now described for n ≥ 1: In [7] it was shown that the sets {fni } have a
“comultiplicative structure”; namely, there are elements cpq(n, i, r) in k such that
(1) fni =
tr∑
p=0
tn−r∑
q=0
cpq(n, i, r)f
r
pf
n−r
q
for all n ≥ 1, all i in {0, 1, . . . , tn} and all r in {0, 1, . . . , n}. To simplify notation,
we sometimes write
∑
p,q for
∑s
p=0
∑s′
q=0 when the bounds of p and q are clear.
For n ≥ 0 and i with 0 ≤ i ≤ tn define ε
n
i = (0, . . . , 0, o(f
n
i )⊗k t(f
n
i )︸ ︷︷ ︸
i-th component
, 0, . . . , 0) in
Pn. Then the differential δn : Pn → Pn−1 is given by
δn(εni ) =
tn−1∑
j=0
(
t1∑
p=0
cpj(n, i, 1)f1pε
n−1
j + (−1)
n
t1∑
q=0
cjq(n, i, n− 1)ε
n−1
j f
1
q
)
for i = 0, 1, . . . , tn and n ≥ 1, and δ
0 : ∐t0i=0 Λei ⊗k eiΛ → Λ is the multiplication
map. Note that fnj denotes the residue class of f
n
j in ∐
tn
i=0f
n
i R/∐
tn
i=0 f
n
i I.
Recall that the reduced bar resolution (B, d) of Λ over Λe from the previous
section is given by Bn = Λ⊗Λ0(n+2) and the differential dn : Bn → Bn−1 is given
by
dn(λ0 ⊗ λ1 ⊗ · · · ⊗ λn+1) =
n∑
i=0
(−1)i(λ0 ⊗ λ1 ⊗ · · · ⊗ λi−1 ⊗ λiλi+1 ⊗ λi+2 ⊗ · · · ⊗ λn+1).
Define ∂i : B
n → Bn−1 by
∂i(λ0 ⊗ · · · ⊗ λn+1) = λ0 ⊗ · · · ⊗ λi−1 ⊗ λiλi+1 ⊗ λi+2 ⊗ · · · ⊗ λn+1
for i = 0, 1, . . . , n. Then dn =
∑n
i=0(−1)
i∂i.
Identify Λ0 with the subalgebra of Λ generated by the vertices. View R as the
tensor algebra TΛ0(V ), where V is the Λ0-bimodule generated by the arrows in Q.
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Since Λ is a Koszul algebra, each fni is a linear combination of paths of length n.
Hence each fni can be viewed uniquely as an element in V
⊗Λ0n for all n and i; see
the definition of ψ(fni ) in the proposition below. Now we show that this enables us
to find a natural embedding of P as a subcomplex of B.
Proposition 2.1. Define µn : P
n → Bn by
µn(ε
n
i ) = 1⊗Λ0 ψ(f
n
i )⊗Λ0 1
where
ψ(fni ) =
∑
cij1j2...jnf
1
j1
⊗ · · · ⊗ f1jn
when fni =
∑
cij1j2...jnf
1
j1
· · · f1jn .
Then {µn}n≥0 is a chain map from (P, δ) to (B, d).
Proof. If fni =
∑
p,q cpq(n, i, r)f
r
pf
n−r
q , then ψ(f
n
i ) =
∑
p,q cpq(n, i, r)ψ(f
r
p )⊗ψ(f
n−r
q ).
We have that
fni =
∑
p,q
cpq(n, i, r)f
r
pf
n−r
q
=
∑
p,q
cpq(n, i, r)f
r
p (
∑
p′,q′
cp′q′(n− r, q, 2)f
2
p′f
n−r−2
q′ )
for any r with 0 ≤ r ≤ n. It follows from this that
∂rµn(ε
n
i ) =
∑
p,q
cpq(n, i, r)⊗ ψ(f
r
p )⊗ (
∑
p′,q′
cp′q′(n− r, q, 2)f2p′ ⊗ ψ(f
n−r−2
q′ ))⊗ 1
whenever n ≥ 2 and 0 ≤ r ≤ n− 2. We see that ∂rµn(ε
n
i ) is zero since f
2
i
p′
is in the
ideal I for all p′. We infer from this that
dnµn(ε
n
i ) =
∑
p,q
cpq(n, i, 1)f1p ⊗ ψ(f
n−1
q )⊗ 1
+ (−1)n
∑
p′,q′
cp′q′(n, i, n− 1)⊗ ψ(f
n−1
p′ )⊗ f
1
q′
and consequently that dnµn = µn−1δ
n. This shows that the chain map {µn}n≥0
defines (P, δ) as a subcomplex of the reduced bar resolution (B, d) from the previous
section. 
A projective resolution of Λ over Λe different from the bar resolution was first de-
scribed for a Koszul algebra Λ in [14, Section 3.7] (choose R = L = A inK∗(R,A,L)
in the notation of [14]). Furthermore, an embedding of this resolution into the bar
resolution is given in [14, Proposition 3.9].
Given two homogeneous elements η and θ in the cohomology of HomΛe(B,Λ)
their product η ∗ θ in HH∗(Λ) is given as the composition of the maps
B
∆
−→ B⊗Λ B
η⊗θ
−−→ Λ⊗Λ Λ
ν
−→ Λ.
Let µ : P → B be the inclusion found above, and let π : B→ P be a chain map such
that πµ = idP.
Suppose that the image ∆(µP) is contained in µP⊗Λ µP ⊆ B⊗Λ B. In that case,
∆ induces a map P → P⊗Λ P that we denote by ∆
′. In particular ∆µ = (µ⊗µ)∆′.
By the results from [17] mentioned prior to Proposition 1.1, the cup product defined
by ∆′ gives the multiplication in HH∗(Λ).
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Next we show that this is indeed the case; that is, ∆(µP) is contained in µP⊗ΛµP.
To this end define ∆′ : P → P⊗Λ P by
∆′(εni ) =
n∑
r=0
tr∑
p=0
tn−r∑
q=0
cpq(n, i, r)ε
r
p ⊗Λ ε
n−r
q .
Proposition 2.2. Let ∆ and ∆′ be as above. Then
∆µ = (µ⊗ µ)∆′
Proof. Let sr : B → B⊗Λ B be given by
sr(λ0 ⊗ · · · ⊗ λn+1) = (λ0 ⊗ · · · ⊗ λr ⊗ 1)⊗Λ (1⊗ λr+1 ⊗ · · · ⊗ λn+1)
for r = 0, 1, . . . , n. Then we have that ∆ =
∑n
r=0 sr. Furthermore,
sr(µn(ε
n
i )) =
∑
p,q
(cpq(n, i, r)⊗ ψ(f
r
p )⊗ 1)⊗Λ (1 ⊗ ψ(f
n−r
q )⊗ 1)
=
∑
p,q
(cpq(n, i, r)µr(ε
r
p)⊗Λ µn−r(ε
n−r
q )
= (µr ⊗ µn−r)∆
′(εni ).
Since ∆ =
∑n
r=0 sr, we have that ∆µn(ε
n
i ) = (µ ⊗ µ)∆
′(εni ). Hence the claim
follows. 
Combining the results above we obtain our result on the multiplicative structure
for the Hochschild cohomology ring of a Koszul algebra.
Theorem 2.3. Let Λ = kQ/I with I ⊆ J2 be a Koszul algebra over a field k, where
Q is a finite quiver. Suppose that η : Pn → Λ and θ : Pm → Λ represent elements
in HH∗(Λ) and that they are given by η(εni ) = λi for i = 0, 1, . . . , tn and θ(ε
m
i ) = λ
′
i
for i = 0, 1, . . . , tm. Then
(η ∗ θ)(εm+ni ) =
tn∑
p=0
tm∑
q=0
cpq(n+m, i, n)λpλ
′
q
for all i = 0, 1, . . . , tm+n.
Proof. By Proposition 1.1, we have that η ∗ θ = η ∪ θ. Using the results from [17]
reviewed prior to Proposition 1.1 we infer that
η ∗ θ(εm+ni ) = ν(η ⊗ θ)∆
′(εm+ni )
= ν(η ⊗ θ)(
n+m∑
r=0
∑
p,q
cpq(n+m, i, r)ε
r
p ⊗Λ ε
n−r
q )
=
∑
p,q
cpq(n+m, i, n)η(ε
n
p )θ(ε
m
q )
=
∑
p,q
cpq(n+m, i, n)λpλ
′
q.
This completes the proof of the theorem. 
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3. Structure constants for the Koszul dual
In this section we give a second application of the comultiplication formula (1).
We show that, for a Koszul algebra Λ = kQ/I, equation (1) gives the structure
constants for a basis for the Koszul dual of Λ. Of course the Koszul dual can
immediately be given by generators and relations. But for computational purposes,
it is sometimes important to find a k-basis and the structure constants for that basis.
Suppose that the sets {fni } define a minimal projective resolution (F, e) of Λ/r
as a right Λ-module. Note that Fn = ∐tni=0f
nR/ ∐tni=0 f
nI. Define f̂ni : F
n → Λ/r
for i = 0, 1, . . . , tn by f̂
n
i (f
n
j ) = δijt(f
n
i ) for all j = 0, 1, . . . , tn. Since (F, e) is a
minimal projective resolution, it is immediate that the elements {f̂ni }
tn
i=0 form a
basis for ExtnΛ(Λ/r,Λ/r) as a vector space over k. The goal of this section is to
find the structure constants for this particular k-basis for the Koszul dual of Λ. We
note that Λ is given by generators and relations, whereas the multiplication in the
Koszul dual is given by structure constants. Since Λ is the Koszul dual of its Koszul
dual, we may construct the set {fni } for the Koszul dual and then the results here
can be applied to find a k-basis of Λ and its structure constants.
Theorem 3.1. Let Λ = kQ/I be a Koszul algebra over some field k, where Q is
a finite quiver and I ⊆ J2. Denote by {fni }
tn
i=0 elements in kQ defining a min-
imal projective resolution (F, e) of Λ/r as a right module over Λ. Let the ele-
ments f̂ni : F
n → Λ/r for i = 0, 1, . . . , tn be given by f̂
n
i (f
n
j ) = δijt(f
n
i ), for all
j = 0, 1, . . . , tn. The set {f̂
n
i }
tn
i=0 represents a k-basis of Ext
n
Λ(Λ/r,Λ/r).
Then the product f̂mi f̂
n
j in Ext
∗
Λ(Λ/r,Λ/r) of the two elements f̂
m
i and f̂
n
j in
degree m and n in Ext∗Λ(Λ/r,Λ/r), respectively, is given by
f̂mi f̂
n
j =
tm+n∑
l=0
cji(m+ n, l, n)f̂
m+n
l .
Proof. A lifting of the map f̂nj : F
n → Λ/r to a map g0 : F
n → F 0 is given by
g0(fnt ) = δjtt(f
n
j ). We want to find a lifting of g0 to a chain map F[n]→ F, where
F[i] denotes the i-th shift of the complex F. Define gr : F
n+r → F r by letting
gr(f
n+r
i ) =
tr∑
q=0
f rq cjq(n+ r, i, n)
for i = 0, 1, . . . , tn+r. Then it is clear that g0e
n+1 = e1g1. To show that gre
n+r+1 =
er+1gr+1 for r ≥ 1 consider the following equalities:
fn+r+1l =
tn+r∑
p=0
t1∑
q=0
fn+rp f
1
q cpq(n+ r + 1, l, n+ r)
=
tn+r∑
p=0
t1∑
q=0
tn∑
x=0
tr∑
y=0
fnx f
r
y f
1
q cxy(n+ r, p, n)cpq(n+ r + 1, l, n+ r)
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and
fn+r+1l =
tn∑
x=0
tr+1∑
v=0
fnx f
r+1
v cxv(n+ r + 1, l, n)
=
tn∑
x=0
tr+1∑
v=0
tr∑
y=0
t1∑
q=0
fnx f
r
yf
1
q cxv(n+ r + 1, l, n)cyq(r + 1, v, r).
Since
∑tn
x=0 f
n
xR is a direct sum, for x = j, we have that
tn+r∑
p=0
t1∑
q=0
tr∑
y=0
f ryf
1
q cjy(n+ r, p, n)cpq(n+ r + 1, l, n+ r) =
tr+1∑
v=0
tr∑
y=0
t1∑
q=0
f ryf
1
q cjv(n+ r + 1, l, n)cyq(r + 1, v, r)
as elements in ∐try=0f
r
yR. Taking these equalities in ∐
tr
y=0f
r
yR/ ∐
tr
y=0 f
r
y I, the
left hand side of this equality is gre
n+r+1(fn+r+1l ) and the right hand side is
er+1gr+1(f
n+r+1
l ) for all l = 0, 1, . . . , tn+r+1, hence gre
n+r+1 = er+1gr+1. We have
that f̂mi f̂
n
j = f̂
m
i gm, so that f̂
m
i f̂
n
j =
∑tm+n
l=0 cji(m + n, l, n)f̂
m+n
l . This completes
the proof. 
4. The graded centre and Hochschild cohomology
For a finite dimensional algebra or graded algebra Λ = kQ/I the image of the
natural map ϕΛ/r : HH
∗(Λ)→ Ext∗Λ(Λ/r,Λ/r) = E(Λ) is shown to be contained in
the graded centre Zgr(E(Λ)) in [16]. Here ϕΛ/r is induced from Λ/r⊗Λ− : (P, δ)→
(Λ/r⊗ΛP, 1⊗δ). It was independently observed by Buchweitz and Green-Snashall-
Solberg that when Λ is a Koszul algebra, the image is in fact equal to Zgr(E(Λ)).
This was obtained by Buchweitz as a part of a more general isomorphism between
the Hochschild cohomology ring of Λ and the graded Hochschild cohomology ring
of the Koszul dual. This isomorphism has since been generalized by Keller [12]. We
note that the image of ϕΛ/r is in general strictly contained in Zgr(E(Λ)), see [8,
Example 7.6]. In this section we give an elementary proof of the fact that the image
is Zgr(E(Λ)) for a Koszul algebra Λ using the results from the previous sections.
Theorem 4.1. Let Λ = kQ/I be a Koszul algebra. The image of the natural map
ϕΛ/r : HH
∗(Λ)→ E(Λ) is the graded centre Zgr(E(Λ)).
Proof. We keep the notation developed in the previous sections. Let z =
∑tn
i=0 αif̂
n
i
with αi in k. Since Λ is a Koszul algebra, E(Λ) is generated in degrees 0 and 1.
Hence z is in Zgr(E(Λ)) if and only if (A) f̂
1
j z = (−1)
nzf̂1j for all j = 0, 1, . . . , t1
and (B) f̂0l z = zf̂
0
l for all l = 0, 1, . . . , t0. Using the structure constants found in
Theorem 3.1, we have that
f̂1j z =
tn∑
i=0
αif̂
1
j f̂
n
i =
tn∑
i=0
αi
tn+1∑
l=0
cij(n+ 1, l, n)f̂
n+1
l
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and
zf̂1j =
tn∑
i=0
αif̂
n
i f̂
1
j =
tn∑
i=0
αi
tn+1∑
l=0
cji(n+ 1, l, 1)f̂
n+1
l .
Suppose that z is in Zgr(E(Λ)). Then the condition (B) above implies that o(f
n
i ) =
t(fni ) for all i such that αi 6= 0 and
tn∑
i=0
αicij(n+ 1, l, n) = (−1)
n
tn∑
i=0
αicji(n+ 1, l, 1).
Define η : Pn → Λ by letting η(εni ) = αit(f
n
i ) for i = 0, 1, . . . , tn. Then
ηδn+1(εn+1l ) =
tn∑
i=0
t1∑
j=0
cji(n+ 1, l, 1)f1j αi + (−1)
n+1
tn∑
i=0
t1∑
q=0
ciq(n+ 1, l, n)f1qαi
=
t1∑
j=0
tn∑
i=0
(cji(n+ 1, l, 1) + (−1)
n+1cij(n+ 1, l, n))αif1j
= 0.
for all l = 0, 1, . . . , tn+1 and j = 0, 1, . . . , t1. The last equality follows since z is in
Zgr(E(Λ)). Hence η is in HH
n(Λ), and ϕΛ/r(η) = z. This completes the proof. 
In [16] it is conjectured that, if Λ is a finite dimensional algebra over a field
k, then the Hochschild cohomology ring of Λ modulo the ideal generated by the
homogeneous nilpotent elements is a finitely generated commutative algebra over
k. As a consequence of the previous result, for a finite dimensional Koszul algebra
Λ, the conjecture is equivalent to the conjecture that Zgr(E(Λ)), modulo the ideal
generated by homogeneous nilpotent elements, is a finitely generated algebra over k.
This can be seen by noting that the kernel of ϕΛ/r is contained in the ideal generated
by homogeneous nilpotent elements [16]. We apply these ideas in Example 5.3.
5. Examples
Example 5.1. This example shows that the multiplication formula in Theorem
2.3 only gives a representative of a product in Hochschild cohomology as a map
from the appropriate projective to the Koszul algebra. Thus, for example, to find
if two products are equal, the residue classes must be computed.
Let Λ = k〈x, y〉/(x2, xy + yx) for a field k of characteristic different from 2.
Since {x2, xy + yx} is a quadratic Gro¨bner basis for the ideal generated by the
relations under the length lexicographic order with x > y > 1, the algebra Λ is
Koszul [6]. In this example t0 = 0, and tn = 1 for all n ≥ 1. We have that f
0
0 = 1,
and fn0 = x
n and fn1 =
∑
a,b≥0
a+b=n−1
xayxb for n ≥ 1. Set f01 = 0. For n ≥ 1 and
r with 0 ≤ r ≤ n, we see that fn0 = f
r
0 f
n−r
0 and that f
n
1 = f
r
0f
n−r
1 + f
r
1f
n−r
0 .
Hence, c00(n, 0, r) = c01(n, 1, r) = c10(n, 1, r) = 1 and all other cpq(n, i, r) = 0.
In particular, c01(2, 1, 1) = c10(2, 1, 1) = 1. Let (P, δ) be the minimal projective
resolution of Λ as a right Λe-module described in Section 2. Then P 1 = ε10Λ
e∐ε11Λ
e.
Define η : P 1 → Λ by η(ε1i ) =
{
xy, i = 0
y, i = 1
, and θ : P 1 → Λ by η(ε1i ) =
{
0, i = 0
y, i = 1
.
The reader may check that both η and θ represent non-zero elements in Hochschild
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cohomology. On the other hand, the map η ∗ θ is non-zero, but represents zero in
HH2(Λ).
Example 5.2. Let Q be a finite quiver, which is not an oriented cycle. Recall
that J denotes the ideal of kQ generated by the arrows of Q. Let Λ = kQ/J2,
which is a Koszul algebra. Then tn + 1 is the number of paths of length n for all
n ≥ 0, and we choose the set {fni }
tn
i=0 to be the set of all paths of length n in
some order. Given n and r with 0 ≤ r ≤ n, and i with 0 ≤ i ≤ tn, there exist
unique j and l with 0 ≤ j ≤ tr and 0 ≤ l ≤ tn−r such that f
n
i = f
r
j f
n−r
l . Hence
cpq(n, i, r) =
{
1, if p = j and q = l
0, otherwise
. A classic result states that the Koszul dual
of Λ is kQop, where Qop is the opposite quiver of Q. If we write fni = f
1
j1
· · · f1jn as a
product of arrows, then by Theorem 3.1 the element f̂ni = f̂
1
jn
· · · f̂1j1 and therefore
the Koszul dual of Λ is isomorphic to kQop.
For a discussion of the Hochschild cohomology ring of Λ we refer to [8, Lemma
7.4] and the remarks following it or to [3].
Example 5.3. Let Λ = k〈x, y, z〉/(x2, y2, z2, xy + ayx, xz + bzx, yz + czy) be the
quantum exterior algebra over a field k with a, b and c non-zero elements in k.
This algebra is easily seen to be selfinjective of dimension 8 over k. In the length
lexicographic order with x > y > z > 1, the set {x2, y2, z2, xy+ ayx, xz+ bzx, yz+
czy} is a quadratic Gro¨bner basis for the ideal it generates, and hence Λ is a Koszul
algebra [6]. The Koszul dual of Λ is quantum 3-space, R = k〈x, y, x〉/(yx−axy, zx−
bxz, zy− cyz). Note that R is Artin-Schelter regular of global dimension 3.
The Hochschild cohomology ring of the algebra Σ = k〈x, y〉/(x2, xy + qyx, y2)
for q in k was studied in detail in [1]. In that paper it was shown that when q is not
a root of unity, then the Hochschild cohomology groups HHn(Σ) vanish for n ≥ 3.
In this example we show that a similar phenomena occurs for Λ. In particular, for
certain values of a, b, and c, we show that HHn(Λ) vanishes for n ≥ 4.
For ease of notation, we triply index the set {fni } as the set {f
n
u,v,w}, where
u + v + w = n. A choice of the elements {fnu,v,w} defining a minimal resolution
of Λ/r as a right Λ-module can be given inductively as follows: f00,0,0 = 1 and for
non-negative integers u, v, and w with u+ v + w = n,
fnu,v,w = a
vbwfn−1u−1,v,wx+ c
wfn−1u,v−1,wy + f
n−1
u,v,w−1z
with the requirement that fn−1,v,w = f
n
u,−1,w = f
n
u,v,−1 = 0 and that f
n
u,v,w = 0 for
u + v + w > n. The reader may check that for each n, the number of fnu,v,w’s is(
n+2
n
)
.
Let (P, δ) be the minimal projective Λe-resolution of Λ defined in Section 2.
To compute the Hochschild cohomology groups, we compute the dimension of the
image of the map
(δn)∗ = HomΛe(δ
n,Λ): HomΛe(P
n−1,Λ)→ HomΛe(P
n,Λ).
One finds that the dimension of Im(δn)∗ is given by 2n2 + 4n + 1 when n ≥ 3 if,
for example, a, b and c are algebraically independent elements of k. This implies
that the Hochschild cohomology groups HHn(Λ) vanish for n ≥ 4, when a, b and c
are algebraically independent elements of k.
In the case when a, b and c are algebraically independent, it is easy to see that
Zgr(E(Λ)) is just k. On the other hand when the characteristic of k is not two,
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and if a = b = 1 and c is not a root of unity, then we see that Zgr(E(Λ)) = k[x
2]
in E(Λ). If c is a primitive m-th root of unity, then Zgr(E(Λ)) = k[x
2, ym, zm]
in E(Λ). By the result of Section 4, we see that the non-nilpotent elements of
Zgr(E(Λ)) correspond to non-nilpotent elements of HH
∗(Λ). Hence the Hochschild
cohomology groups HHn(Λ) are non-zero in all even degrees for these choices of a,
b, and c.
We leave it to the reader to check that
fnu,v,w = xf
n−1
u−1,v,w + a
uyfn−1u,v−1,t + b
ucvzfn−1u,v,w−1.
Furthermore, for r with 0 ≤ r ≤ n,
fnu,v,w =
min{u,r}∑
s=α
min{v,r}∑
t=β
a(u−s)tb(u−s)(r−s−t)c(v−t)(r−s−t)f rs,t,r−s−tf
n−r
u−s,v−t,w+s+t−r,
where α = max{0, u + r − n} and β = max{0, v + r − n}. This formula yields
the elements cpq(n, i, r), and hence gives the structure constants for the basis of
the Koszul dual associated to the elements fnu,v,w’s and a closed formula for the
multiplication in the Hochschild cohomology ring of Λ.
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